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Genuinely Upwind Algorithms for the Multidimensional
Euler Equations

C. Lacor* and Ch. Hirsch*
Vrije Universiteit Brussel, Brussels, Belgium

A new method for the solution of the multidimensional Euler equations is presented. As opposed to the classical
schemes, it is genuinely multidimensional in that the local characteristic directions, into which information is
propagated, are detected. Based on this approach, a conservative cell-centered scheme has been formulated.
The numerical fluxes are evaluated using MUSCL extrapolations along the characteristic directions. This leads
to a family of first- and second-order accurate schemes with an improved resolution as compared to the classical
schemes.

Introduction

C LASSICAL upwind schemes for the Euler equations can
roughly be divided into two categories: flux vector split-

ting type schemes and Godunov type schemes.
In flux vector splitting type schemes,12 an upwind discre-

tization is obtained by splitting the flux vector into two parts
that are based on information respectively upwind and down-
wind of the cell face. The splitting is based on a locally one-
dimensional investigation of the eigenvalues of the Euler sys-
tem.

The Godunov type schemes3'5 consist of a projection stage
and an evolution stage. The projection stage determines the
spatial accuracy of the scheme. The initial solution is redis-
tributed using interpolation so that it is continuous within each
cell. In the evolution stage, the solution is updated to the new
time level by locally solving the Riemann problem on the cell
faces. In the original Godunov scheme,3 the local Riemann
problem is solved exactly. Roe4 and Osher and Solomon5

instead use approximate Riemann solvers.
All of these schemes were originally developed for the one-

dimensional Euler equations and are therefore based on one-
dimensional theory. The extension into multidimensions is
obtained by straightforward extrapolation of the one-dimen-
sional ideas: in each grid direction the problem is treated as
if it was one dimensional. This introduces a nonphysical grid
dependency that leads to a reduced accuracy.

Recently, some new ideas have been formulated for the
definition of genuinely multidimensional Euler schemes.6"8

Roe6 decomposes a two-dimensional flow variation into
eight simple waves that propagate into specific directions de-
termined from certain combinations of velocity gradients. Each
of these wave amplitudes is further discretized in an upwind
way in accordance to the associated wave speed.

Hirsch7 and Deconinck et al.8 propose a local diagonali-
zation of the Euler system based on two characteristic direc-
tions, depending on the local flow gradients. If no diago-
nalization is possible the directions are chosen as to minimize
off-diagonal terms.

Hirsch et al.9 formulate a two-dimensional explicit, non-
conservative scheme based on these ideas. Powell and van
Leer10 develop a genuinely two-dimensional extension of Roe's
cell-vertex scheme,4 thereby using the characteristic directions
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as formulated in Refs. 7 and 8. The schemes developed in
Refs. 9 and 10 both show an improved resolution as compared
to the classical upwind schemes.

The present paper is a sequel to Ref. 9 and proposes a
conservative, cell-centered, implicit scheme. The expression
for the numerical fluxes is similar to that of Roe's flux-dif-
ferencing scheme,11 but is based on the characteristic direc-
tions instead of the cell normals. To fully exploit the infor-
mation given by the local diagonalization, the new scheme is
combined with a MUSCL extrapolation into the characteristic
directions.

Diagonalization of the Multidimensional
Euler Equations

The theoretical framework, given in Refs. 8 and 9, is shortly
repeated hereunder. The two-dimensional Euler equations
can be written as

dU dF dG— + — + — = 0
dt dx dy (1)

where U is the vector of conservative variables and F,G rep-
resent the flux vectors. The quasilinear form of Eq. (1) is

dU A dU ndU n— + A — + B — = 0
dt dx dy (2)

where A and B are the Jacobian matrices.
In two- or three-dimensional Euler flows, information is

propagated in infinitely many directions, each one corre-
sponding to an arbitrary wave front normal, denoted K. For

Fig. 1 MUSCL extrapolation along a characteristic direction.
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Fig. 2 Molecule for second-order accurate characteristic MUSCL
applied to scalar, linear convection.

any choice of ic, a similarity transformation can be defined
that diagonalizes A - K with A = (A,B):

A K = PDF (3)

where D is a diagonal matrix containing the characteristic
speeds of propagation associated with K. Introducing char-
acteristic variables dW,

dW = P~{ dU (4)

the Euler equations are recast into the following form:

dt dx dy (5)

Since the Jacobian matrices do not commute the Euler equa-
tions are not diagonalized.

However, in Refs. 8 and 9, two different directions K{ and
K2 were chosen locally. The transformation matrices are now
denoted with an asterisk superscript. New characteristic var-
iables aW can now be defined:

aw = p*-1 du (6)
where the transformation matrix P* is given by

P_

2c
P_
2c

K

~p
K

(7)

where H is the total enthalpy, K the dot product of the two
characteristic directions, and the subscripts x,y denote x and
y components of vectors. The expression for P* l is given in
Ref. 9 and will not be repeated here. The following expres-
sions for the characteristic variables result:

dW =

'dw1'
dw2

dw3

_dw _

!
dp - — dp

Klvdu — Klxdv

dpK,-av + —pc
dp

-K,-dv + —
pc

(8)

The Euler system Eq. (1) is then equivalent to

dt ^ x x) dx ^ dy

where

P*-i A p* = AA + c

P*~l B P* = A, + Cy

The diagonal matrices are given by

u

A, -
u

u 4-
U — CK7

(9)

(10)

(U)

(12a)

Av =

V — CK2v_

(12b)

The system, Eq. (9), is diagonalized if the coupling terms
vanish, i.e., if

+ =

dx - dy (13)

One can show that this leads to the following constraints on

= 0 (14)

the local directions K, and K2:

K2(ic2-V)v - V - v = 0 (15)

Equations (14) and (15) relate the characteristic directions to
the local gradients of the flow variables.

Equation (14) is easily satisfied analytically. In uniform
flow, the pressure gradient vanishes and K} is arbitrary. In
the code, K{ is chosen into the velocity direction for small
pressure gradients. This may locally cause a switch into the
direction of KJ if the pressure gradient varies from one iter-
ation to another. This can be avoided by choosing the first
characteristic direction as a blending of the velocity direction
and the direction of pressure gradient, as used by Levy et
al.12

Equation (15) cannot always be fulfilled. In Ref. 8, it is
shown that it can be satisfied if the principal strain rates,
denoted ex, eY, have opposite signs. In this case, two solutions
for K2 exist. K2 is then chosen in order to maximize the scalar
product KI • K2 in absolute value. This corresponds to the max-
imization of det [P* ~[] which is proportional to KI • K2. If Eq.
(15) has no solution, no complete diagonalization of the sys-
tem, Eq. (9), is possible. To minimize the off-diagonal terms,
K2 is then chosen to minimize the left-hand side of Eq. (15).

Once the characteristic directions are found, several nu-
merical schemes can be defined.

A nonconservative numerical scheme, already suggested in
Ref. 9, consists of discretizing the scalar equations with an
explicit, upwind scheme, with eventual coupling terms treated
as source terms. The update for the characteristic variables
dW is transformed into a correction for the conservative var-
iables using Eq. (6).

Two different upwind schemes were tested: the classical
first-order upwind scheme and a first-order streamline upwind
scheme, with significantly less numerical diffusion, corre-
sponding to a linear version of a scheme proposed by Rice
and Schnipke.13
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Fig. 3 Convergence history channel with wedges for the monotone
characteristic scheme.

Both schemes were tested for an oblique shock-reflection
problem, and the results were compared with those obtained
with classical upwind methods.

The following observations were made: 1) the shock res-
olution obtained with the classical first-order upwind scheme
was not improved as compared to first-order accurate flux
vector splitting; and 2) the streamline upwind scheme, al-
though only first-order accurate, leads to a shock resolution
comparable to the one obtained with classical second-order
accurate schemes.

This leads to the following conclusions: in order to fully
exploit the possibilities of this approach it is not sufficient to
detect the characteristic directions, but a suitable algorithm
must be used to discretize the resulting convection equations.

In the following sections, conservative schemes based on
the characteristic approach will be discussed.

Conservative Solution Algorithm
In the present section, a conservative scheme will be defined

using numerical fluxes based on the characteristic directions
and variables. More details can be found in Ref. 14. Con-
servativity is ensured by using Roe averages in the expressions
for the matrices P* ! and P*.

A first-order upwind scheme for Eq. (9) is given by

The c1^ in Eq. (16) stands for component l,k of the matrix
CxCy). Note that these coupling terms are discretized centrally.
The vectors Rl in Eq. (16) are the columns of the matrix P*
of Eq. (7) and Aw' the /th component of the discretization of
vector dW; cf. Eq. (8). The vectors Rl and the eigenvalues
Ai, \l

y are evaluated at the cell faces, from the expressions
given, respectively, in Eqs. (7) and (12).

This requires the knowledge of the characteristic directions
and the conservative variables at each cell face. The char-
acteristic directions are obtained from the local gradients of
pressure and velocity components; cf. Eqs. (14) and (15).
These gradients are calculated at the two corners of the cell
face. At each corner the gradient is obtained by integrating
over the surrounding dual cell; i.e., a cell with cell centers as
corner nodes, according to

fl (17)

The conservative variables on the cell face are obtained by
averaging the values available at the cell centers on both sides
of the face. Instead of arithmetic averages, Roe averages are
used; cf. Ref. 11.

As a result, the underlined terms of Eq. (16) and similar
ones in the y direction can further be worked out, using Eq.
(10) and (11). By doing so the coupling terms of Eq. (16)
cancel out. The resulting scheme can be written in flux form
with the following definition of the numerical flux:

(18)

and a similar relation for the numerical flux in the y direction.
As already mentioned in the Introduction, the expression

for the numerical flux is very similar to that used in flux-
difference splitting.11 However, the eigenvectors Rl, the ei-
genvalues A', and the variables wl are now functions of the
characteristic directions instead of the grid directions.

Since the coupling terms do not appear in Eq. (18), it can
be used for each possible choice of the directions K t , K2. If
for instance one chooses both characteristic directions equal
to the cell normal, Roe's flux-differencing scheme is re-
covered. However, only the choice according to Eq. (14) and

- similar terms in y direction (16)

20 40 60 30 100 120 140 160 130 200 22G 240 260
Nunber oP Iterations

Fig. 4 Convergence history channel with wedges for the nonmonotone
characteristic scheme.
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(15) allows to mimic more closely the physics of the flow and
may reduce the numerical mesh dependency.

Note that the characteristic variables are only determined
up to a scaling factor. The choice of this scaling factor may
have some impact on the stability of the numerical scheme.
Within the framework of hypersonic flows and total variation
diminishing schemes, Yee15 suggests scaling of the character-
istic variables so that their variations are of the same order
of magnitude as the pressure differences. In the present con-
text, the definition of Eq. (8) was used in all test cases. No
numerical problems resulting from this particular choice were
encountered. It should be noted however that none of the
problems dealt with hypersonic flow.

The scheme is easily extended to nonCartesian grids. The
numerical flux is given by

1/2,7 (19)

with n the outward pointing unity normal on the cell faces
and

A7 = (20)

The conservative scheme described above is only first-order
accurate in space. It has been derived based on the classical
upwind scheme; cf. Eq. (16). Referring to the conclusions of
the previous section, no improvement in accuracy as com-
pared to the classical schemes is to be expected. This was
confirmed in several test cases.

The present scheme can easily be extended to higher-order
accuracy using a classical MUSCL extrapolation. The result-
ing scheme has an improved resolution but the accuracy is
comparable to that obtained with classical higher-order meth-
ods.

Fig. 5 Iso-Mach lines for the flow in the channel with wedges: a)
monotone characteristic; b) nonmonotone characteristic; and c) sec-
ond-order van Leer flux vector splitting.
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Fig. 6 Mach number distribution along stream wise direction, half-
way the channel with wedges.

Since within the present approach the real directions of
information propagation are known, the classical MUSCL
extrapolation may be replaced by a MUSCL extrapolation
into the characteristic directions. This "characteristic MUSCL
extrapolation" may be used to extend the spatial accuracy of
the scheme to second order: this requires a first-order ex-
trapolation. However, one can also use a zero-order char-
acteristic extrapolation; the spatial accuracy of the resulting
scheme is then still of first order, but with a reduced cross
diffusion.

The characteristic MUSCL approach is discussed in the next
section.

Characteristic MUSCL Extrapolation
The idea is first worked out for the following linear, scalar,

convection equation:

dw d(aw) d(bw)— _|_ ——— _j_ ———
dt dX dy

(21)

In the present approach, it is assumed that the time discre-
tization and the spatial discretization are uncoupled. In the
following, the spatial discretization is discussed, and the treat-
ment of the time derivative is left unspecified. Equation (21)
can be discretized in space as follows:

dw
dt

A/ + ifo - ki)(w,,1/2,7 -

- 3(0-, + kl) (w/ f 1/2,y -
- iK- k|)K;/41/2-

-iK + k|)(^.+ 1 / 2-

(22)

where crv, crv are the CFL numbers in the x and y directions,
respectively. The HV± 1 / 2 y , w,+

±1/2y are values on the cell faces
/ ± 1/2,/ obtained by a suitable extrapolation, biased into the
downwind (i.e., positive) and the upwind (i.e., negative) x
direction, respectively. Similarly, the values w , y ± 1 / 2 , w,| /±1/2
are found by an extrapolation biased into the downwind and
the upwind y direction.

The simplest choice corresponds to a zero-order extrapo-
lation:

(23)
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Fig. 7 K, directions for the channel with wedges: a) monotone char-
acteristic; b) nonmonotone characteristic.

and similar relations for the values of the remaining cell faces.
For this choice, the scheme (22) reduces to the classical first-
order upwind scheme.

A higher-order scheme results if a first-order extrapolation
is used. In the classical MUSCL extrapolation, the mesh di-
rections are used to extrapolate the variables to the cell faces.

Instead, one might consider to extrapolate along the con-
vection direction. This approach will be referred to as char-
acteristic MUSCL extrapolation.

If one restricts the extrapolation to the first cell centers
nearest to the cell face, the extrapolation is of zero-order
along the characteristic direction, resulting in a first-order
accurate scheme. Referring to Fig. 1, one obtains

- 1/2,y (24)

The values WM and wp are obtained by linear extrapolation
between nodes/,///,/-! and/ + IJ/i + I,/ + 1, respectively.
Similarly, on cell face /,; + 2 one has

(25)

The same procedure is applied for the remaining cell sides.
If ax and ay are positive and satisfy

(26)

the following scheme results

d\v 1
— M + ~(ax

This scheme is due to Raithby16 who developed it within the
context of convection-diffusion problems. If the first unequal-
ity is not satisfied, points R, T lie outside the intervals [ /—I , / ;
/,/] and [/,/ + 1; / + I,/ + 1]. In this case, the values WR,
WT will be clipped and put equal to H>,-_W and wi+lj+l, re-
spectively. Similarly, if the second unequality is not satisfied,
the values WM, WT are put equal to wij_l and wi+lj+l. Al-
though this scheme is only first-order accurate in space, it is
not monotone. Its numerical diffusion however is consider-
ably less than for the classical first-order upwind scheme.17

Also note that this scheme gives the exact solution for a flow
angle of 45 deg.

A simplified version results if, instead of interpolating be-
tween nodes /,/ and / , /—!, one assigns the value w / y to WM
if M lies closer to node /,/ than to node ij-l and ^wij_l if
not. The same procedure is applied for wp and the intersec-
tions resulting from the remaining cell sides. The resulting
scheme is

A r— M + ax[wu - w,.

dw

¥A' +

(28a)

(28b)

This corresponds to the streamline upwind scheme derived
from Ref. 13 and mentioned previously. It is only first-order
accurate and monotone. It is also less diffusive than the clas-
sical first-order upwind scheme17 and gives the exact solution
for a flow angle of 45 deg.

To extend the characteristic MUSCL extrapolation to higher-
order accuracy, more nodes must be involved in the deter-
mination of wi±mj and w/ ,y±i /2 -

Referring to Fig. 1, one possibility is to use the nodes M
and N to determine w^1/2 y and P,Q for w^1/2y. One finds

2ax

CTy

2crx

So,

(29a)

(29b)

Similarly, the intersections R,S and T, U are used to determine
W+J+V2 and w^J+l/2, respectively. Assuming that the convec-
tion is into the positive x and y directions and that

3
(30)

the steady-state molecule of Fig. 2 is obtained.

Fig. 8 Density isolines for the oblique shock flow: a) monotone char-
acteristic, b) second-order van Leer flux vector splitting.
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If condition (30) is not satisfied, some of the nodes M, TV,
P, Q or R, S, T, U will be clipped and the scheme becomes
locally first-order accurate.

The stability of this scheme as well as that of the first-order
accurate schemes (27) and (28) was investigated using a von
Neumann analysis, for different flow angles. Only Euler-
implicit time integration was considered.

It is found that, although all of the schemes are stable, only
scheme (28) is a good "smoother." The other schemes do not
damp the high-frequency modes (9X,9,) = (±TT, ±TT). It can
be shown that this property is valid for all schemes with an
antisymmetric (steady-state) molecule across the diagonal / =
j. The Fourier footprint c/>(Res) of such a molecule equals 0
for any of the combinations Ox = ± TT, 6y = ±ir. Hence, the
amplification factor which is given by

£ = I - <KRes)

for the explicit scheme and

f = [1 + cXRes)]"1

for the implicit scheme, becomes unity.

(31)

(32)

Genuinely Multidimensional Euler Schemes
Genuinely multidimensional schemes for the Euler equa-

tions are obtained by combining the conservative, first-order
accurate scheme of Eq. (19), with the characteristic MUSCL
extrapolation described in the previous section.

The numerical flux vector Eq. (19) is rewritten as

1/2,7 (33)

where the superscripts plus and minus indicate upwind and
downwind extrapolations with respect to the direction of the
normal n. The first two terms in the right-hand side of Eq.
(33) are calculated as follows:

with

(34)

(35a)

(35b)

Linear PCS
Meshsize : 65*33

CFL = 10.

1G-2
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Fig. 10 Convergence history channel with bump for the monotone
characteristic scheme.

The variations of the characteristic variables in Eqs. (33) and
(35) are obtained using the characteristic MUSCL extrapo-
lation. For component / of W, the extrapolation is into the
corresponding characteristic propagation direction A'. One
has

A1 = A2 = v A3 = v + c-K2

Referring to Fig. 1;

AM
~MN

A4 = v — c • (36)

(37)

where the superscript /, denoting the component of the vector
of characteristic variables, is dropped for clarity. A similar
formula is used for w/~+1/2y involving points P and Q. Ex-
pressing VVM, WN, vvp, WQ as a linear combination of the values
in the nodes of the respective cell faces, one obtains

a2(wij_l - (38)

and

$ 31 a

' mon. Isto
van Leer 2ndo
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Fig. 9 Density distribution for the oblique shock flow at the outlet
section.

where the coefficients a,/3 depend on the mesh geometry and
the characteristic propagation direction. For the first-order
schemes, one has

as = as = 0 (40)

It is easily verified that this approach reduces to the schemes
derived in the previous section for a scalar, linear convection
equation.

The present scheme requires no special treatment of the
boundary conditions: identical boundary conditions can be
used as for the flux vector splitting code.

To ensure fast convergence toward steady state, and to
allow for high CFL numbers, the present scheme is combined
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with an implicit time discretization. The chosen implicit op-
erator is that of van Leer flux vector splitting. Although it
has been found that an inconsistency between implicit and
explicit operators may lead to convergence problems,18 no
convergence problems of this type were encountered in the
present applications.

Results
In the present paper, only results for the first-order accurate

schemes will be shown. Three test cases are considered: the
supersonic flow through a channel with 5-deg wedges on lower
and upper wall, an oblique shock reflection problem, and the
subsonic flow through a channel with a 10% bump on the
lower wall.

Test Case 1
The first test case is the supersonic flow through a channel

with 5-deg wedges on lower and upper wall; cf. Ref. 19. The
inlet Mach number equals 3. The mesh used in the present
calculations consists of 60 x 32 cells.

Fig. 11 Iso-Mach lines for the flow in the channel with bump: a)
monotone characteristic; b) second-order van Leer flux vector split-
ting.

osxi? mon. Isto
^^ van Leer 2ndo

SOLID : pressure gradient ̂
DOTS : velocity

Fig. 13 K! directions for the channel with bump for the monotone
characteristic scheme.

Fig. 12 Mach number distribution along the lower wall for the chan-
nel with bump.

SOLID : complete decoupling
DOTS : else

Fig. 14 K2 directions for the channel with bump for the monotone
characteristic scheme.

Calculations were performed with two versions of the first-
order characteristic MUSCL scheme: the monotone version,
cf. Eq. (28) and the nonmonotone version, cf. Eq. (27). The
results are compared with a second-order accurate van Leer
flux vector splitting solution on the same mesh. The minmod
limiter was used to ensure monotonicity for the second-order
accurate solution.

Figures 3 and 4 show the convergence history of the mon-
otone and the nonmonotone characteristic scheme, respec-
tively. The monotone characteristic scheme converges in ap-
proximately the same number of iterations as the flux vector
splitting scheme (not shown). Comparison of Figs. 3 and 4
shows that the nonmonotone characteristic scheme requires
about three times as many iterations. The reason is the poor
damping of the high-frequency errors, as indicated by the von
Neumann analysis.

It is also to be noted that, in order to obtain convergence
for the characteristic calculations, the characteristic normals
were frozen after a residual drop of about 10"1. If they are
recalculated every iteration, the convergence ends in a limit
cycle as a result of the numerical noise on the detection of
these directions.

Figure 5 compares the calculated iso-Mach lines for the
three schemes. It is clear that the resolution of the shocks
and of the expansion fan obtained with the present first-order
accurate schemes is at least as good as that obtained with the
second-order accurate flux vector splitting scheme.

The present computations were performed in the complete
configuration: no symmetry condition was used. This results
in a nonsymmetric solution for the characteristic schemes due
to the asymmetry of the calculated characteristic normals.

Figure 6 compares the streamwise Mach number distribu-
tion halfway the channel. It illustrates the nonmonotonicity
of the characteristic scheme based on Eq. (27). It also shows
that the latter scheme captures the shock slightly sharper than
the other schemes.
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Figure 7 shows the calculated KI directions for the two
characteristic schemes. In the nonuniform flow regions, near
shocks and expansion fans, KI is directed along the pressure
gradients. In the regions of small pressure gradients, K{ is
taken into the flow direction. Note that in this calculation no
blending of the pressure gradient direction and the flow di-
rection was used.

The K2 directions are not shown since they coincide with
the KI directions in the present calculations. This is because
the velocity gradients were considered too small (less than
1% of the velocity modulus scaled by the cell area), in order
to solve Eq. (15). In this case one chooses K2 = K{.

Test Case 2
The second test case is the reflection of an oblique shock

along a flat plate. Calculations were performed with the mon-
otone first-order characteristic scheme and second-order van
Leer flux vector splitting (with minmod limiting) for com-
parison.

The channel is discretized with 61 x 33 mesh points. At
inlet, the Mach number is 2.9 and the flow is purely axial.
Along the upper boundary, all of the dependent variables are
imposed. On the lower wall the velocity is tangential and the
pressure is extrapolated from the interior. At outlet, all of
the dependent variables are extrapolated.

Figure 8 shows the density isolines for the two schemes.
The shocks of the present first-order accurate scheme are
slightly sharper than those of the second-order accurate van
Leer scheme. The present solution shows some "noise" be-
hind the impingent shock. This is due to the switching of the
K! direction, as explained above, and may be removed by
blending the pressure gradient direction and the flow direc-
tion.

Figure 9 shows the density distribution along the outlet
section.

Test Case 3
This test case deals with a fully subsonic flow in a channel

with a 10% bump on the lower wall. The inlet Mach number
is 0.6. Again results obtained with the monotone characteristic
scheme and van Leer flux vector splitting are compared. The
computations were performed on a 65 x 33 mesh.

Figure 10 shows the convergence history of the present
scheme. The characteristic directions were frozen after 20
iterations. The convergence rate is similar to that of flux vec-
tor splitting (not shown).

Figure 11 shows the computed iso-Mach lines. The solutions
obtained with both schemes are qualitatively in good agree-
ment. The present solution however is less "smooth" than
the one obtained with flux vector splitting. This can be at-
tributed to the switching in characteristic directions, and will
be removed using blending.

In Fig. 12, the Mach number distribution along the lower
wall is shown. Although the overall agreement is good, there
is some difference in the value of the maximum Mach number.
It is not clear whether this is caused by the difference in spatial
accuracy of both schemes. This should be confirmed in cal-
culations with the second-order accurate characteristic scheme.

Finally, Figs. 13 and 14 show the characteristic directions.
It can be observed that in this application there is a large
zone, near the bump, where both Eqs. (14) and (15) are
solved, and hence a complete diagonalization of the Euler
system is obtained.

Conclusions
New upwind, multidimensional Euler schemes have been

formulated based on numerical fluxes depending on charac-
teristic directions that diagonalize the Euler system. The mesh

dependency of the scheme is further reduced using a MUSCL
extrapolation into these directions. This leads to the definition
of new first- and second-order accurate schemes.

In the present paper, the first-order accurate version was
tested. The results indicate that this scheme resolves strong
flow gradients as accurate as classical higher-order schemes.
They are, however, sensitive to the accuracy of the deter-
mination of the characteristic directions. This requires further
investigation in order to improve the robustness of the schemes.
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